Abstract. In this paper, which is a sequel of [BKLV17], we study the convex-geometric properties of the cone of pseudoeffective n-cycles in the symmetric product C d of a smooth curve C. We introduce and study the Abel-Jacobi faces, related to the contractibility properties of the Abel-Jacobi morphism and to classical Brill-Noether varieties. We investigate when AbelJacobi faces are non-trivial, and we prove that for d sufficiently large (with respect to the genus of C) they form a maximal chain of perfect faces of the tautological pseudoeffective cone (which coincides with the pseudoeffective cone if C is a very general curve).
Introduction
The study of the cone of ample or nef divisors, up to numerical equivalence, on a projective variety X is a basic and classical tool in algebraic geometry, giving a lot of geometrical information about X. The dual cones in the space of 1-cycles have also been deeply studied, giving rise, for example, to very important results in birational geometry and the minimal model program.
On the other hand, it is only in recent years that the study of higher dimensional (or codimensional) cycles has highlighted its role (see for example [Pet09, Voi10, DELV11, CC15, DJV13, Ful11, FL16, FL17a, FL17b, Ott12, Ott16] to mention a few).
One of the most striking features of higher codimensional cycles is that they behave in an unpredictable way, as there are examples of nef cycles with negative intersection [DELV11, Cor. . While one expects these phenomena not to be so special, there are so far only three examples of such varieties and it becomes therefore more interesting to investigate nef and pseudoeffective cycles for classical families of varieties, such as symmetric products of curves, as suggested in [DELV11, §6] .
Let now C be a smooth projective irreducible curve of genus g and consider, for every d ≥ 2, its d-fold symmetric product C d , which is the smooth projective variety parameterizing unordered d-tuples of points of C. This is a very interesting smooth d-dimensional variety whose geometry has been deeply involved in the classical study of Brill-Noether theory [ACGH] but also, in more recent years, in the investigation of cones of effective and nef divisors on it (an almost thorough recap of these results can be found in the introduction of [BKLV17] ).
In this paper, which is a natural sequel of [BKLV17] , we study cones of pseudoeffective and nef cycles on C d . To state our results we need to set up some notation and recall some well-known facts.
For 0 ≤ n ≤ d, let N n (C d ) be the vector space of real n-cycles up to numerical equivalence. Inside this finite dimensional real vector space one can define several interesting cones, namely Eff n (C d ), the cone of effective n-cycles, its closure Pseff n (C d ), the cone of pseudoeffective ncycles and Nef n (C d ), the cone of nef n-cycles, that is cycles α ∈ N n (C d ) such that α · β ≥ 0 for every β ∈ Eff d−n (C d ).
One crucial feature of C d , that will play a very important role in this paper, is that it comes naturally with a well-known map, the Abel-Jacobi morphism
given by sending an effective divisor D ∈ C d to its associated line bundle O C (D) ∈ Pic d (C). On C d , there are two important divisor classes, up to numerical equivalence:
, where p 0 is a fixed point of C and Θ is any theta divisor on Pic d (C). It is well-known that x is ample while θ is clearly nef being the pull-back of an ample class.
These two classes generate a graded subring R * (C d ) = ⊕ m R m (C d ) of N * (C d ), which is called the tautological ring of cycles, whose structure is well-understood (and independent of the given curve C), and which coincides with the full ring N * (C d ) if C is a very general curve, see [BKLV17, Fact 2.6 ]. We will also consider the natural cones t Eff n (C d ) generated by tautological effective cycles of dimension n, its closure t Pseff n (C d ), called the cone of tautological pseudoeffective cycles of dimension n, and t Nef n (C d ), the cone of tautological nef cycles of dimension n.
The main result of [BKLV17] , generalizing the case of divisors and curves, was to prove that the cone generated by n-dimensional diagonals is a rational polyhedral perfect face of Pseff n (C d ) and that Pseff n (C d ) is locally finitely generated at every non-zero element of that cone [BKLV17, Thm. B]. On one side this gives a very nice face of Pseff n (C d ), but, on the other side, it opens the way to look for other faces.
In the case of divisors and curves, the situation is well-understood if d is sufficiently large:
• the other extremal ray of t Pseff 1 (C d ) is generated by θ if and only if d ≥ g + 1. Indeed, θ is always pseudoeffective (being nef) and it is not in the interior of the pseudoeffective cone, i.e. it is not big, if and only if α d is not birational into its image, which happens exactly when d ≥ g + 1.
• The other extremal ray of t Pseff 1 (C d ) is generated by the ray dual to R ≥0 · θ (or equivalently, θ generates an extremal ray of t Nef 1 (C d )) if and only if d ≥ gon(C) where gon(C)
is the gonality of C. Indeed, θ is always nef and it is not in the interior of the nef cone, i.e. it is not ample, if and only if α d is not a finite morphism, which happens exactly when d ≥ gon(C).
The aim of this paper is to generalize the extremality properties of θ for t Pseff 1 (C d ) and t Nef 1 (C d ) to the case of cycles of intermediate codimension. As a matter of fact the other faces that we will find will all come from the contractibility properties of the Abel-Jacobi morphism, as we now explain. Given any morphism π : X → Y between irreducible projective varieties, in [FL16, §4.2] was introduced the contractibility index contr π (α) of a class α ∈ Pseff k (X), for 0 ≤ k ≤ dim X, as the largest integer 0 ≤ c ≤ k + 1 such that α · π * (h k+1−c ) = 0, where h is an ample class on Y . This gives immediately rise, for every r ≥ 0, to the contractibility faces of Pseff k (X): F ≥r k (π) = cone({α ∈ Pseff k (X) : contr π (α) ≥ r}).
The main question about them is to identify for which r such that 1 + max{0, k − dim π(X)} ≤ r ≤ k we have that F ≥r k (π) is non-trivial and, in that case, to compute its dimension and convex-geometrical properties.
With this in mind, for any 1 + max{0, g − n} ≤ r ≤ n, we define the Abel-Jacobi faces
From the general properties of the contractibility faces and the classical properties of the Brill-Noether varieties (which are reviewed in §3.2) C r d := {D ∈ C d : dim |D| ≥ r}, we prove in Proposition 3.12 that:
is the conic hull of the irreducible components of C r d of maximal dimension. Intersecting with the tautological ring, we can also define the tautological Abel-Jacobi faces
The following theorem (which combines Corollary 3.14, Theorem 3.16 and Proposition 3.22) specifies some numerical ranges where we can find non-trivial Abel-Jacobi faces, Abel-Jacobi facets and Abel-Jacobi extremal rays coming from well-known facts of Brill-Noether theory (on Brill-Noether general curves).
Theorem A. Let C be a curve of genus g.
then there exist non-trivial Abel-Jacobi faces of
and C is a Brill-Noether general curve, i.e. it satisfies the condition in Fact 3.8(v). (2) We have tautological Abel-Jacobi facets in the following ranges:
under one of the following assumptions: (a) C admits a g n d , i.e. a linear series of dimension n and degree d (which is always
(c) g ≤ d and C is very general over an uncountable base field k. (3) Assume that C is Brill-Noether general. Let 0 ≤ d ≤ 2g − 2 and let r be an integer such that
Note that, for a Brill-Noether general curve C, if r = 1 and
generates an extremal ray of t Pseff 2d−g−1 (C d ), and this achieves the lower bound on d in Theorem A(1). On the other hand, we expect that the lower bound d ≥ n+g+1 2 is sharp for Brill-Noether general curves (see the discussion after Corollary 3.14), while for special curves the lower bound is far from being sharp (see Theorem C for hyperelliptic curves).
The tautological Abel-Jacobi faces are related to an exhaustive decreasing multiplicative filtration of the tautological ring R * (C d ), which we call the θ-filtration of R * (C d ) (see §3.5) and which is defined by setting θ ≥i,m to be the smallest linear subspace of
containing the monomials {θ i x m−i , θ i+1 x m−i−1 , . . . , θ m }, for any 0 ≤ m ≤ d and any 0 ≤ i ≤ g + 1 (with the obvious convention that θ ≥i,m = {0} if i > m). In Proposition 3.19, we compute the dimension of θ ≥i,m and we investigate its orthogonal subspace (θ ≥i,m ) ⊥ := {α ∈ R m (C d ) :
The link between tautological Abel-Jacobi faces and the θ-filtration is explained in Proposition 3.20, where we prove that
Using the relation with the θ-filtration, we are able to show that in many ranges of d and n the non-trivial tautological Abel-Jacobi faces of t Pseff n (C d ) form a maximal chain of perfect non-trivial faces, i.e. a chain of perfect non-trivial faces of t Pseff n (C d ) whose dimensions start from one and increase by one at each step until getting to the dimension of t Pseff n (C d ) minus one. In the following theorem (which combines Theorems 4.2, 5.5, 6.2), we summarize the cases where this happens for an arbitrary curve.
Theorem B. Let n, d be integers such that 0 ≤ n ≤ d.
(1) Assume that g ≤ max{n, d − n} (which is always satisfied if d > 2g − 2). Then the Abel-Jacobi face t AJ r n (C d ) is equal to θ ≥g−n+r,d−n ∩ t Pseff n (C d ) (and we call it pseff θ-face) and it is non-trivial if and only if 1 + max{0, n − g} ≤ r ≤ min{n, d − g}, in which case it is a perfect face of dimension min{n, d − g} − r + 1. Hence, we get the following dual maximal chains of perfect non-trivial faces of t Pseff n (C d ) and of t Nef n (C d ):
(2) Assume that
is a non-trivial face if and only if 1 + max{0, n − g} ≤ r ≤ n, in which case t AJ r n (C d ) is a perfect face of dimension n + 1 − r (which we call subordinate face).
Hence, we get the following dual maximal chains of perfect non-trivial faces of t Pseff n (C d ) and of t Nef n (C d ):
where l is any g n d on C and Γ d (l) is the subordinate variety
Hence, we get the following dual maximal chains of perfect non-trivial faces of t Pseff g−1 (C d ) and of t Nef g−1 (C d ):
There are some overlaps between the different cases of the above Theorem B, see Remarks 5.6 and 6.3. In Figure 1 we present the existence range of the various tautological Abel-Jacobi faces in Theorems A and B for Brill-Noether general curves.
Note that we recover from Theorem B the previously mentioned results of the extremality of θ in t Pseff
and part (2) gives that θ is extremal in t Nef in Theorem A(1), so it describes the locus where we can assure the existence of non-trivial Abel-Jacobi faces. In particular, the dark gray area is given by Theorem B(2) and represents the locus where subordinate faces do exist. On the other hand, BN rays exist on the integral points of the thick lines-each having equation (r + 1)m + rn = r 2 + rg for some 1 ≤ r ≤ g-by Theorem A(3), and the dots on the line n = g − 1 indicate where BN faces in dimension g − 1 exist, according to Theorem B(3). The area covered by the grid is described by the condition g ≤ max{n, m} in Theorem B(1) which governs the existence of θ-faces. Finally, Theorem A(2) guarantees the existence of Abel-Jacobi facets in the union of the area covered by the grid with the dark gray area and the line n = g − 1. If in addiction C is assumed to be very general, then Abel-Jacobi facets do exist also in the area on the right and above the dashed line, which is the locus satisfying the condition n + m ≥ g.
According to the discussion at the end of §3.5, there is one more case (apart from the three cases of Theorem B) where the non-trivial tautological Abel-Jacobi faces form a maximal chain of non-trivial perfect faces, namely the case of an hyperelliptic curve where we found such maximal chains in every pseudoeffective cone! This is made precise in the following theorem (which summarizes the more precise Theorem 7.3) where we restrict to the case n, d − n < g since in the remaining case g ≤ max{n, d − n} everything follows from part (1) of Theorem B.
Theorem C. Let C be an hyperelliptic curve of genus g ≥ 2 and fix integers n, d such that
is a perfect face of dimension n + 1 − r. Hence, we get the following dual maximal chains of perfect non-trivial faces of t Pseff n (C d ) and of t Nef n (C d ):
where Γ d (l) is the subordinate variety with respect to any linear system l of degree d and dimension n. 
Note that the tautological Abel-Jacobi faces of part (i) are exactly the subordinate faces of part (2) of Theorem B, using that for an hyperelliptic curve C we have that
From Theorem C we recover the previously known results for t Pseff 1 (C d ) and t Nef 1 (C d ) for
, whose class is a positive multiple of θ
On the other hand we should point out that there are some explicit extremal rays of Question. Assume that we are in one of the cases of Theorem B.
(1) What is the structure of the Abel-Jacobi faces of dimension greater than one? Are they rational polyhedral cones and, if yes, what are their extremal rays? (2) Is t Pseff n (C d ) the smallest cone containing the diagonal cone and the Abel-Jacobi faces? 2. Preliminaries 2.1. Notations and conventions. Throughout, we work over an algebraically closed field of arbitrary characteristic.
For any natural number n ∈ N and any real number r ∈ R, we set
We recall from the Appendix of [BKLV17] a definition and a remark, that will be crucial in this paper.
Definition 2.1. Let V be a finite dimensional real vector space. A (convex) cone K inside V is a non-empty subset K of V such that if x, y ∈ K and α, β ∈ R >0 then αx + βy ∈ K. A face F of K is perfect if either F = K or it has codimension c ≥ 1 in V and there exist linear hyperplanes
A cone K ⊂ V is salient if it does not contain lines through the origin, and it is full if K = V .
Remark 2.2. Let K ⊂ V be a salient full closed cone and let
2.2. Symmetric product. Let C be a smooth projective irreducible curve of genus g ≥ 1.
For any integer d ≥ 1, we denote by C d the d-fold ordinary product of C and by C d the d-fold symmetric product of C.
The symmetric product C d is related to the Jacobian of C by the Abel-Jacobi morphism
is the complete linear system |L|. Fixing a base point p 0 ∈ C, there is an inclusion i = i p 0 :
We will denote by X p 0 the image of i p 0 . The inclusion i p 0 is compatible with the Abel-Jacobi morphisms in the sense that
is a graded R-algebra with respect to the intersection product.
The tautological ring
) (where Θ is any theta divisor on J(C)) and x = [X p 0 ] for some (equivalently any) base point p 0 . Observe that θ is a semiample class (because it is the pull-back of an ample line bundle via a regular morphism) and it is ample if and only if α d is a finite morphism, that is if and only if d < gon(C). On the other hand, since we can move the base point p 0 arbitrarily, the class x is ample by the Nakai-Moisezhon criterion (see [ACGH, 
Prop. VII.2.2]).
We recall from [BKLV17] the following properties of the tautological ring R * (C d ) and vector spaces R m (C d ).
Proposition 2.3.
(i) We have that θ g+1 = 0 and, if s ∈ N : s ≤ d,
and it is freely generated by any subset of r(m) + 1 monomials belonging to {x m , x m−1 θ, . . . , x m−min{m,g} θ min{m,g} }.
In particular, the monomials {x m , . . . , 
, which a priori could be strict.
The dual of Pseff
and similarly for the other cones.
Note that, if C is a very general curve, then 
A case where we know a complete description of the (tautological) effective, pseudoeffective and nef cone of cycles is the case of curves of genus one 1 .
Example 2.4 (Genus 1 -[BKLV17, Example 2.9]). If the curve C has genus 1, then for any
This follows either by [Ful11] or by [BKLV17, Theorem B] and Theorem B(1).
Abel-Jacobi faces
The aim of this section is to introduce some faces of the (tautological or not) pseudoeffective cones of C d obtained as contractibility faces of the Abel-Jacobi morphism
3.1. Contractibility faces. In this subsection, we will introduce the contractibility faces associated to any morphism π : X → Y between irreducible projective varieties. The definition of the contractibility faces is based on the contractibility index introduced in [FL16, §4.2].
Definition 3.1. Let π : X → Y be a morphism between irreducible projective varieties and fix the class h ∈ N 1 (Y ) of an ample Cartier divisor on Y . Given an element α ∈ Pseff k (X) for some 0 ≤ k ≤ dim X, the contractibility index of α, denoted by contr π (α), is equal to the largest non-negative integer c ≤ k
Since α · π * (h k+1 ) = 0 for dimension reasons, the contractibility index is well-defined and it is easy to see that it does not depend on h. The following properties are immediate:
• max{0, k − dim π(X)} ≤ contr π (α) ≤ k + 1 and equality holds in the last inequality if and only if α = 0;
Definition 3.2. Let π : X → Y be a morphism between irreducible projective varieties and let k, r be integers such that 0 ≤ k ≤ dim X, r ≥ 0. Set
We set c π (r) = −1 if there is no irreducible subvariety Z ⊆ X with contr π (Z) ≥ r; otherwise we define
there exists an irreducible subvariety Z ⊆ X with dim Z = k and contr π (Z) ≥ r .
The following criterion of extremality follows from [FL16, Thm. 
and all the cones in question become one-dimensional, hence trivial.
(ii) Suppose that r ≤ k ≤ c π (r). The number of irreducible subvarieties of X of dimension k and contractibility index at least r is finite if and only if k = c π (r).
In this case, if we denote by Z 1 , . . . , Z s the irreducible subvarieties of X of dimension c π (r) and contractibility index at least r, we have that
Because of (i), we will call F ≥r k (π) the r-th contractibility face of Pseff k (X). Proof. Note that for any α ∈ Pseff k (X), we have α ∈ F ≥r k (π) if and only if α · π * (h k+1−r ) = 0. Let β 1 , β 2 ∈ Pseff k (X) be such that β 1 +β 2 ∈ F ≥r k (π). Then β 1 ·π * (h k+1−r )+β 2 ·π * (h k+1−r ) = 0 and β i ·π * (h k+1−r ) ∈ Pseff r−1 (X) (because π * (h) is nef, hence limit of ample classes) for i = 1, 2, so that
. This proves the first assertion in (i). Assume now that r < k ≤ c π (r) and let Z ⊆ X be an irreducible subvariety such that dim Z = k, contr π (Z) ≥ r. We claim that there are infinitely many irreducible subvarieties W ⊆ X with dim W = k − 1 and contr π (W ) ≥ r. It follows by this claim that F For the second assertion of (ii): the first equality follows from [FL16, Thm. 4.15(2)] and the second equality follows directly from the first one.
Remark 3.4. Let 1 ≤ r ≤ k ≤ dim X. It is natural to wonder if the following statements hold true:
(
. For r = 1, the above statements reduce to, respectively, the strong and weak conjecture in [FL16, Conj. 1.1]. If Weak r (π) holds true then F ≥r k (π) = {0} for any k > c π (r). If we also assume that k ≥ r ≥ dim X − dim π(X) + 1 it is easy to see, using [FL16, Thm. 4.13] , that the last expectation holds. Moreover, since
3.2. Brill-Noether varieties. In order to apply the previous criterion to the Abel-Jacobi map
, we need to know the subvarieties of C d that have contractibility index at least r with respect to α d . As we will see, these subvarieties turn out to be contained in the Brill-Noether variety C r d ⊆ C d which is defined (set theoretically) as:
The • If r = 0 and
is a resolution of singularities.
•
The non-emptiness of C r d is equivalent to the existence of a linear system of degree d and dimension r on C, and we define an invariant of C controlling the existence of such linear systems.
Definition
where the first inequality is achieved if and only if C is hyperelliptic and the second inequality is achieved for the general curve C.
Proof. From Clifford's inequality and Riemann-Roch theorem, it follows easily that:
on C is such that d ≥ 2g − 2 with equality if and only if g
2g−2 is the complete canonical system |K C |; • if r ≥ g then any g r d is such that d ≥ r + g ≥ 2g. These two facts imply the first part of the statement.
For the second part of the statement: the lower bound is provided by Clifford's theorem and we have equality if and only if the curve is hyperelliptic; the upper bound is provided by Brill-Noether theory and equality holds for the general curve by [ACGH, Chap. V, Thm. 1.5] (the proof of Griffiths and Harris works over any algebraically closed field, see [Oss14] ) .
Remark 3.7. It follows easily from the previous lemma that if d ≥ gon n (C) then d − n ≥ min{n, g}, or equivalently that r(n) := min{n, d − n, g} = min{n, g}.
The properties of the Brill-Noether varieties (in the non-trivial cases) are collected in the following fact that summarizes the main results of the classical Brill-Noether theory (see [ACGH, Chap. IV and VII]). 
(ii) C r d is non-empty if and only if d ≥ gon r (C). In particular, we have the following is equal to
(v) Assume that C is a general curve of genus g.
• If ρ(g, r, d) < 0 then C r d is empty;
is a P r -fibration, the remaining assertions follow.
(ii) is irreducible of the expected dimension g − 1 2 . Indeed, the variety W
Therefore, Fact 3.8(iv) implies that the class of
3.3. Abel-Jacobi faces. We can now study the contractibility faces associated to the AbelJacobi morphism
Definition 3.10 (Abel-Jacobi faces). Let 0 ≤ n ≤ d. For any r such that 1 + max{0,
and call it the r-th Abel-Jacobi face in dimension n. Moreover, we set t AJ
and call it the r-th tautological Abel-Jacobi face in dimension n.
2 Indeed, these are the unique Brill-Noether varieties that are also subordinate varieties; more specifically,
, with the notation of (5.1). Proposition 3.12. Let 1 ≤ n ≤ d − 1 and let 1 + max{0, n − g} ≤ r ≤ n. Then
. Then the following hold: On the other hand, the non-triviality of t AJ r n (C d ) for n < dim C r d follows from the proof of Proposition 3.3 using that there is one tautological component of C r d of dimension equal to dim C r d . Remark 3.13. According to Remark 3.4, we expect that, for any 1 + max{0, n − g} ≤ r ≤ n, AJ r n (C d ) = {0} if either d < gon r (C) (which is equivalent to C r d = ∅) or d ≥ gon r (C) and n > dim C r d . In case r = 1, this would follow from the validity of the weak conjecture 1.1 in [FL16] for the Abel-Jacobi morphism. Indeed, we know that α d satisfies the above mentioned conjecture if d < gon 1 (C) (in which case it holds trivially) and if d ≥ g and the (algebraically closed) base field is uncountable, by [FL17b, Thm. 1.2].
As a corollary of the above proposition, we can determine some ranges of d and n for which we can find non-trivial Abel-Jacobi faces in Pseff n (C d ) or t Pseff n (C d ).
Corollary 3.14. Let 1 ≤ n ≤ d − 1 and let C be a curve of genus g ≥ 1.
(i) There exist non-trivial Abel-Jacobi faces of
and C 1 d has some tautological irreducible component of maximal dimension (which holds true if C is a Brill-Noether general curve).
Note that the inequality d ≥ is sharp for Brill-Noether general curves provided that the expectation of Remark 3.13 holds true. On the other hand, for special curves, the lower bound is far from being sharp, see Theorem 7.3 for the case of hyperelliptic curves.
Proof. We will distinguish three cases.
• If g ≤ n (which implies that g + 1 ≤ d) then C n−g+1 d = C d by Riemann-Roch, and hence Proposition 3.12(i) implies that AJ The intersection of the semiample cone with R 1 (C d ) is a subcone of the two dimensional cone t Nef 1 (C d ) which has two extremal rays: one is spanned by η 1,d = dgx − θ which is the dual of the class of the small diagonal ∆ (d) (see [BKLV17, Cor. 3.15] ) and the other one is generated by θ provided that d ≥ gon(C) (see Theorem 5.5). The Abel-Jacobi morphism
corresponds to the face cone(θ) while the other face cone(η 1,n ) corresponds to another fibration that we are going to describe.
Consider the regular morphism (as in [Pac03, §2.2]) 3.4. Brill-Noether rays. In this subsection, we use Proposition 3.12 to exhibit some extremal rays of Pseff n (C d ) (and of t Pseff n (C d )) for a Brill-Noether general curve. Note that if r = 1 and
generates an extremal ray of t Pseff 2d−g−1 (C d ), and this achieves the lower bound on d in Corollary 3.14.
Proof. This will follow from Proposition 3.12(ii) and its analogue for the tautological AbelJacobi faces, provided that we show that either C r d is tautological and irreducible of dimension r +ρ or all the irreducible components of C r d are tautological, of dimension r +ρ and numerically equivalent (in which case the class of C r d is a positive multiple of the class of each of its irreducible components).
The hypothesis rg r+1 + r ≤ d is equivalent to gon r (C) ≤ d by Lemma 3.6 (which is in turn equivalent to C r d = ∅) and it implies that C r d has pure dimension r + ρ by Fact 3.8(v) and it has tautological class by Fact 3.8(iv). We now distinguish two cases, according to the sign of ρ. If m = 1 in each of the above special cases, we get that [C 1 g ] = θ − x ∈ N 1 (C g ) generates an extremal ray of Pseff 1 (C g ), thus extending [Kou93, Rmk 1 after Thm. 5] from very general curves to arbitrary curves.
It is natural to ask if BN rays are perfect, i.e. if they are edges, in the entire or tautological pseudoeffective. As we will see, a way to prove this for the tautological pseudoeffective cone would be to apply Proposition 3.20(ii). On the other hand we will show in Remark 3.23 that the unique BN rays cone([C r d ]) to which we can apply Proposition 3.20(ii), and hence deduce that they are perfect rays, are those with ρ = ρ(g, r, d) = 0 (when we will actually see in Remark 6.3 that they coincide with the subordinate edge) and those with d = g + r − 1 (when we will actually see in Theorem 6.2 that they coincide with the BN edge in dimension g − 1).
3.5. The θ-filtration. The tautological Abel-Jacobi faces can be described in terms of a multiplicative filtration of the tautological ring R * (C d ), determined by the class θ. The subspaces {θ ≥i,m } form an exhaustive decreasing multiplicative filtration of the tautological ring R * (C d ), in the sense that
The properties of the θ-filtration are collected in the following result. 
Moreover, a basis of θ ≥i,m is given by
(ii) Under the perfect pairing between R m (C d ) and R d−m (C d ) given by the intersection product (see Proposition 2.3(iii)), we have that
with equality if and only if one the following assumptions hold:
in which case the left and right hand side are both equal to follows from the relation θ g+1 = 0. We conclude with a straightforward comparison (left to the reader) of the codimensions of (θ ≥i,m ) ⊥ and of θ ≥g+1−i,d−m , using (i).
The link between tautological Abel-Jacobi faces and the θ-filtration is clarified in the following Proposition 3.20. Let 0 ≤ n ≤ d and 1 + max{0, n − g} ≤ r ≤ n.
When the assumption of (ii) holds true, the perfect face
will be called nef θ-face. A nef θ-face of dimension one will be called nef θ-edge, and using Proposition 3.19(i) it is easy to see that a nef θ-edge is equal to
Proof. (i): note that, since θ is the pull-back via
, from Definition 3.1 it follows that for any β ∈ Pseff n (C d ) we have
Therefore, since t AJ r n (C d ) is the conic hull of all elements β ∈ t Pseff n (C d ) having contractibility index at least r, formula (3.8) implies that t AJ r n (C d ) ⊆ (θ ≥n+1−r,n ) ⊥ ∩ t Pseff n (C d ). In order to prove the reverse implication, by contradiction assume that there exists an element β ∈ t Pseff n (C d ) such that β ∈ (θ ≥n+1−r,n ) ⊥ and β · θ n+1−r = 0. The element β · θ n+1−r lies in R d+1−r (C d ) and, since it is non-zero (which implies that r ≥ 1), applying Proposition 2.3(iii) we find an element γ ∈ R r−1 (C d ) such that β ·θ n+1−r ·γ = 0. But then, since θ n+1−r ·γ ∈ θ ≥n+1−r,n , we find that β ∈ (θ ≥n+1−r,n ) ⊥ , which is the desired contradiction.
Observe that t AJ r n (C d ) is a full cone in (θ ≥n+1−r,n ) ⊥ by assumption, while θ ≥n+1−r,n ∩ t Nef
is a full cone in θ ≥n+1−r,n since θ is nef (hence limit of ample classes) and x is ample. Therefore, we can apply Remark 2.2 in order to conclude that t AJ r n (C d ) and θ ≥n+1−r,n ∩ t Nef n (C d ) are perfect dual faces.
Remark 3.21. The equality (3.7) is true also for the (non-tautological) Abel-Jacobi faces with the same proof (taking orthogonals in N n (C d )).
Note that Proposition 3.20(ii) gives a criterion to find perfect faces of t Pseff n (C d ). Let us see how we could apply this criterion to find facets (which are always perfect) and edges, i.e. one-dimensional perfect faces.
The dimension of (θ ≥n+1−r,n ) ⊥ ⊆ R n (C d ), which is equal to the codimension of θ ≥n+1−r,n ⊆ R n (C d ), can be computed (in the non trivial range n + 1 − r ≤ g) using Proposition 3.19(i) and it is equal to:
Therefore, we find that
Let us now examine when, in each of the above two cases, we get indeed a tautological AbelJacobi facet.
(c) g ≤ d and C is very general over an uncountable base field k.
Note that: (i) (and (iia) for g ≤ d − n) is a special case of Theorem 4.2, (iia) is a special case of Theorem 5.5, and (iib) for d − n ≤ g − 1 (otherwise it belongs to case (iia)) is a special case of Theorem 6.2.
Proof. As observed above, parts (i), (iia) and (iib) are special case of theorems that will be proved later.
Let us prove part (iic). The assumption that g ≤ d implies that the Abel-Jacobi morphism α d is surjective. Hence, using that k is uncountable (and algebraically closed) and that the fibers of α d are projective spaces, we can apply [FL17b, Thm. 1.2] in order to conclude that AJ
). Since C is very general, we have that [BKLV17, Fact 2.6] and Ben Moonen's appendix to [BKLV17] ). Therefore, the kernel of
Let us now discuss when Proposition 3.20(ii) can be used to find edges of t Pseff n (C d ). Using (3.9), we find that
Let us now check, in each of the above cases, when we can apply the criterion of Proposition 3.12 to conclude that t AJ r n (C d ) is non-zero, and hence that it is an edge of t Pseff n (C d ). We will distinguish the following cases (assuming that 1 ≤ n ≤ d − 1 to avoid trivial faces):
has some tautological irreducible component of maximal dimension and if n ≤ dim
, which is equivalent to the non-emptiness of W n d (C), or in other words to
has some tautological irreducible component of maximal dimension and if
By Martens' theorem (see [ACGH, Chap. IV, Thm. 5.1]), this can happen if either
We will see in the next sections that indeed in all the above cases we get edges of t Pseff n (C d ): cases (A) and (B) will be analyzed in Section 4 (and indeed Case (A) also follows from Section 5), case (C) in Section 5, case (D) with n = g − 1 in Section 6 and case (D) for C hyperelliptic in Section 7.
Quite remarkably, we will see that in all the above cases the non-trivial tautological AbelJacobi faces of t Pseff n (C d ) form a maximal chain of perfect non-trivial faces, i.e. a chain of perfect non-trivial faces of t Pseff n (C d ) whose dimensions start from one and increase by one at each step until getting to the dimension of t Pseff n (C d ) minus one. 
Using this, we can compute the codimension of θ ≥ρ+1,r+ρ using Proposition 3.19(i):
Hence we see that codim θ ≥ρ+1,r+ρ = 1 if either ρ = 0 or d = g + r − 1.
The θ-faces
In this section, we are going to describe the tautological Abel-Jacobi faces of t Pseff n (C d ) under the assumption that g ≤ max{n, d − n}. Note that this assumption is always satisfied if d > 2g − 2 and it is never satisfied if d < g.
Let us start with the following result that gives a lower bound on the dimension of the tautological Abel-Jacobi faces.
Lemma 4.1. Let 0 ≤ n ≤ d and 1 + max{0, n − g} ≤ r ≤ n. The cone
is contained in t AJ r n (C d ) and it is a full-dimensional cone in θ ≥g−n+r,d−n . In particular, we have that
Proof. Since θ ≥g−n+r,d−n ⊆ (θ n+1−r,n ) ⊥ by Proposition 3.19(ii), we get that the cone
. By Definition 3.18, the linear subspace θ ≥g−n+r,d−n ⊆ R n (C d ) is generated by monomials in x and θ. Since θ is nef (hence limit of ample classes) and x is ample we have that each monomial in x and θ is a pseudoeffective class. This implies that
Using the above Lemma, we can now prove the main result of this section. 
is a maximal chain of perfect non-trivial faces of t Pseff n (C d ). The dual chain of (4.1) is equal to
The faces in (4.1) will be called pseff θ-faces, while the faces in (4.2) are the nef θ-faces introduced after Proposition 3.20. Note that
is an edge (i.e. perfect extremal ray) of t Pseff n (C d ), which we will call the pseff θ-edge, and it coincides with the nef θ-edge. On the other hand, since the class x is ample, the other monomials in x and θ cannot generate an extremal ray of either
Proof. Fix an integer r such that 1 + max{0, n − g} ≤ r ≤ n. Using the assumption g ≤ max{n, d − n}, Proposition 3.19(ii) implies that
This, together with Proposition 3.20(i) and Lemma 4.1, gives the equality of cones
and the fact that dim
Hence we can apply Proposition 3.20(ii) in order to conclude that t AJ r n (C d ) is a perfect face of t Pseff n (C d ) whose dual face is equal to θ ≥n+1−r,n ∩ t Nef n (C d ). Let us finish this section by giving upper and lower bounds for the dimension of the tautological Abel-Jacobi faces in the numerical ranges not included in the above Theorem 4.2.
Proof. Observe that t AJ r n (C d ) is defined only for 1 = 1 + max{0, n − g} ≤ r ≤ n. Under this assumption, Proposition 3.20(i) and Lemma 4.1 give that
Using the assumption g ≥ max{n, d − n} and Proposition 3.19(i), we compute
Therefore if d − n < r (which can only happen in the second case) then codim θ ≥n+1−r,n = 0, while if r ≤ d − n then codim θ ≥n+1−r,n = r(n) − r + 1. Using the upper bound in (4.4), this implies that t AJ r n (C d ) = (0) if d − n < r (which proves (i)) and that dim t AJ
On the other hand, using again the assumption g ≥ max{n, d − n} and Proposition 3.19(i), we compute
If we plug this formula into the lower bound in (4.4), we get the lower bound of part (ii), and this finishes the proof.
Remark 4.5. Note that the upper bound and lower bound in the above Proposition 4.4 (which are always different except in the special cases n = g or d − n = g, which we exclude in the discussion that follows) can be strict. For example:
2 by Lemma 3.6) then Remark 3.11 gives that t AJ r n (C d ) = {0} for any 1 ≤ r ≤ min{n, d − n}, which shows that the lower bound in (4.3) is (trivially) achieved but not the upper bound.
• The BN rays of Theorem 3.16 do not achieve the lower bound in (4.3), which is zero since d − g + 1 ≤ r, while they achieve the upper bound only if ρ(g, r, d) = 0 or d = g + r − 1 (see Remark 3.23).
• In each of the cases specified in Proposition 3.22(ii), t AJ 1 n (C d ) is a facet, hence its dimension achieves the upper bound in (4.3) but not the lower bound.
• We will show in the sequel that the upper bound in (4.3) is achieved for any 1 ≤ r ≤ min{n, d − n} if either gon n (C) ≤ d ≤ n + g (see Theorem 5.5), or if n = g − 1 and g ≤ d ≤ 2g − 2 (see Theorem 6.2), or if g > max{n, d − n} and C is hyperelliptic (see Theorem 7.3); and in each of these cases, the lower bound is not achieved.
Subordinate faces
In this section, we are going to describe some of the Abel-Jacobi faces using subordinate varieties.
Recall that the subordinate variety of a linear system l is defined (set theoretically) as
There is a natural scheme structure on Γ l − g − s k
Using subordinate varieties, we construct subvarieties of C d that are suitably contracted by the Abel-Jacobi map α d : Proof. Note that min{n, g} ≤ d − n by Remark 3.7, whence we have that i ≤ d − n. Fact 5.1 implies that Γ d−i (l) is pure n-dimensional, whence so is Γ i . Moreover since the image of ψ i has class equal to x i and the pull-back map ψ * i preserves the classes x and θ, the class of Γ i is obtained by taking the class of Γ d−i (l) in R n (C d−i ) given by Fact 5.1, interpreting it as a class in R n+i (C d ) and then multiplying it for x i ; in this way we get the formula (5.2).
The linear system l is a sublinear system of a complete linear system |L| for some L ∈ Pic d (C). Consider the i-dimensional irreducible subvariety of Pic d (C):
We claim that α d (Γ i ) = V i , which will conclude the proof. The intersection of the classes [Γ i ] with the monomials θ j x n−j is easily computed via the projection formula as follows. extremal ray of t Pseff n (C d ). Using the fact that x is ample, we can prove that they are not extremal, unless, possibly, when g > d − n ≥ n.
Proof. Consider the pure n-dimensional tautological subvarieties {Γ 0 , . . . , Γ r } of C d constructed in Proposition 5.2 (indeed the last subvariety Γ r will be of no use in what follows). Since d−n ≥ min{n, g} (see Remark 3.7), we can apply Corollary 5.4 and we get that (θ ≥n+1−r,n ) ⊥ = Σ n+1−r , which combined with Proposition 3.20(i), gives that Since {[Γ 0 ], . . . , [Γ n−r ]} is a basis of Σ n+1−r by Corollary 5.4, we infer from the inclusions (5.5) that Σ n−r ∩ t Pseff n (C d ) is a full dimensional cone in Σ n−r , and hence it has dimension n+1−r = dim(θ ≥n+1−r,n ) ⊥ . We can therefore apply Proposition 3.20(ii) and get that t AJ r n (C d ) is a perfect face of dimension n + 1 − r whose dual face is equal to θ ≥n+1−r,n ∩ t Nef n (C d ).
Remark 5.6. Let us compare Theorem 5.5 with Theorem 4.2 for a given n. We are going to use that gon n (C) ≤ g + n with equality if and only if n ≥ g, a fact that follows easily from Lemma 3.6.
• If d ≥ n + g (which forces d ≥ gon n (C)) then the two theorems coincide.
• If d − n < g ≤ n then Theorem 4.2 applies while Theorem 5.5 does not apply since d < gon n (C) = g + n (using that g ≤ n). • If n < g and gon n (C) ≤ d < g + n then Theorem 5.5 applies but Theorem 4.2 does not apply since max{n, d − n} < g. • If n < g and d < gon n (C) then neither one of the theorems applies.
6. Brill-Noether faces in dimension g − 1
The aim of this subsection is to describe the tautological Abel-Jacobi faces of C d in dimension g−1. We will assume throughout this section that g ≤ d (to avoid trivialities) and that d ≤ 2g−2 since in the case d > 2g − 2 we have a complete description of the tautological Abel-Jacobi faces in Theorem 4.2.
We start by using the Brill-Noether varieties in Example 3.9 in order to construct subvarieties of C d of dimension g − 1 that are suitably contracted by the Abel-Jacobi morphism α d : is an irreducible subvariety of C d−i of dimension g − 1 by Example 3.9, whence Υ i is an irreducible subvariety of C d of dimension g − 1.
The class of Υ i can be computed starting from (3.4) in the same way as formula (5.2) is obtained in Proposition 5.2.
